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Abstract
Let G be a graph of order n, and let a and b be integers such that 16 a¡b. Let (G) be
the minimum degree of G. Then we prove that if (G)¿ (k − 1)a, n¿ (a+ b)(k(a+ b)− 2)=b,
and |NG(x1)∪NG(x2)∪ · · · ∪NG(xk)|¿ an=(a+ b) for any independent subset {x1; x2; : : : ; xk} of
V (G), where k¿ 2, then G has an [a; b]-factor. This result is best possible in some sense.
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Keywords: Graph; Factor; [a; b]-Factor; Neighborhood
1. Introduction
We consider 9nite undirected graphs without loops and multiple edges. Let G be
a graph with vertex set V (G) and edge set E(G). We denote by dG(x) the degree
of x∈V (G), and by NG(x) the set of vertices adjacent to x in G, and by |G| the
order of G. Furthermore, (G)= min{dG(x): x∈V (G)} and NG(S)=
⋃
x∈S NG(x) for
S ⊂ V (G). We write NG[x] for NG(x)∪ x. For a subset S ⊂ V (G), we denote by G[S]
the subgraph of G induced by S and G − S =G[V (G)\S]. A vertex set S ⊆V (G) is
called independent if G[S] has no edges.
Let f(x) and g(x) be integer-valued functions de9ned on V (G) such that g(x)6f(x)
for all x∈V (G). Then a (g; f)-factor of G is a spanning subgraph F of G satisfying
g(x)6dF(x)6f(x) for all x∈V (G). If g(x)= a, f(x)= b for all x∈V (G), then a
(g; f)-factor is called an [a; b]-factor. We write dG(S)=
∑
x∈S dG(x) and dG(∅)= 0.
The following results on [a; b]-factors are known.
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Theorem 1 (Li and Cai [1]). Let G be a graph of order n, and let a and b be integers
such that 16a¡b. Then G has an [a; b]-factor if (G)¿a, n¿2a + b + (a2 − a)=b
and
max{dG(x); dG(y)}¿ ana+ b
for any two non-adjacent vertices x and y of G.
Matsuda proved the following theorem for the existence of an [a; b]-factor, which is
an extension of Theorem 1.
Theorem 2 (Matsuda [3]). Let a and b be integers such that 16a¡b, and let G be
a graph of order n with n¿2(a+ b)(a+ b− 1)=b, and (G)¿a. If
|NG(x)∪NG(y)|¿ ana+ b
for any two non-adjacent vertices x and y of G, then G has an [a; b]-factor.
We prove the following theorem for a graph to have an [a; b]-factor.
Theorem 3. Let a and b be integers such that 16a¡b, and let G be a graph of
order n with n¿(a+ b)(k(a+ b)− 2)=b. If (G)¿(k − 1)a, and
|NG(x1)∪NG(x2)∪ · · · ∪NG(xk)|¿ ana+ b (1)
for any independent subset {x1; x2; : : : ; xk} of V (G), where k¿2, then G has an [a; b]-
factor.
Theorem 2 is a special case of Theorem 3 for k =2.
Condition (1) is best possible in the sense that we cannot replace an=(a + b) by
an=(a+ b)− 1, which is shown in the following example that constructed by Matsuda
[3].
Let G be a complete bipartite with partite sets A and B such that |A|= at and
|B|= bt + 1, where t is any positive integer. Then it follows that
an
a+ b
¿|NG(x1)∪NG(x2)∪ · · · ∪NG(xk)|= at¿ ana+ b − 1
for any subset {x1; x2; : : : ; xk} of B. However, it is easy to see that G has no [a; b]-factor
because b|A|¡a|B|.
2. Proof of Theorem 3
We prove Theorem 3 by the method that used in [3]. Suppose G satis9es the as-
sumption of the theorem, but it has no [a; b]-factor. Then by the (g; f)-factor theorem
due to LovFasz [2], there exist two disjoint subsets S and T of V (G) such that
b|S|+ dG−S(T )− a|T |6−1: (2)
We choose such subsets S and T so that |T | is minimum.
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If T = ∅, then by (2) we obtain
b|S|6− 1;
which is a contradiction. Hence, we have T = ∅. Suppose that there exists a vertex
x∈T such that
dG−S(x)¿a:
Then the subsets S and T\{x} satisfy (2), which contradicts the choice of T . Therefore,
dG−S(x)6a− 1
for all x∈T . Now we are going to construct a sequence x1; x2; : : : ; x of vertices of T .
Let
h1 = min{dG−S(x) | x∈T}
and let x1 ∈T be a vertex such that dG−S(x1)= h1. Note that h16a− 1 holds.
If T = ⋃−1i=1 NT [xi], let
h= min
{
dG−S(x) | x∈T\
(
−1⋃
i=1
NT [xi]
)}
and let x ∈ T\(
⋃−1
i=1 NT [xi]) be a vertex such that dG−S(x)= h, 266k. Note
h16h26 · · ·6h6a− 1 hold and subset {x1; x2; : : : ; x} is independent.
Suppose that |T |6(k−1)b. Since |S|+h1¿dG(x1)¿(G)¿(k−1)a, it follows from
(2) that
−1¿ b|S|+ dG−S(T )− a|T |
¿ b|S|+ (h1 − a)|T |
¿ b((k − 1)a− h1) + (h1 − a)(k − 1)b
= b(k − 2)h1 ¿ 0;
which is a contradiction. Hence we obtain |T |¿(k − 1)b + 1¿(k − 1)a + 1. Since
dG−S(x)6a−1 for all x∈T and |T |¿(k−1)a+1, we can take the independent subset
{x1; x2; : : : ; xk}⊆T .
By the condition of the theorem, the following inequalities hold:
an
a+ b
6|NG(x1)∪NG(x2)∪ · · · ∪NG(xk)|6|S|+
k∑
i=1
hi;
which implies
|S|¿ an
a+ b
−
k∑
i=1
hi: (3)
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Since n−|S|−|T |¿0 and a−hk¿1, hence (n−|S|−|T |)(a−hk)¿0. By this inequality,
(2),
|NT [xi]| −
∣∣∣∣∣∣NT [xi] ∩

i−1⋃
j=1
NT [xj]


∣∣∣∣∣∣¿1; i=2; 3; : : : ; k − 1
and ∣∣∣∣∣∣
i⋃
j=1
NT [xj]
∣∣∣∣∣∣6
i∑
j=1
|NT [xj]|6
i∑
j=1
(dG−S(xj) + 1)=
i∑
j=1
(hj + 1); i=1; 2; : : : ; k;
we obtain
(n− |S| − |T |)(a− hk)
¿b|S|+ dG−S(T )− a|T |+ 1
¿b|S|+ h1|NT [x1]|+ h2(|NT [x2]| − |NT [x2] ∩ NT [x1]|) + · · ·
+ hk−1
(
|NT [xk−1]| −
∣∣∣∣∣NT [xk−1] ∩
(
k−2⋃
i=1
NT [xi]
)∣∣∣∣∣
)
+ hk
(
|T | −
∣∣∣∣∣
k−1⋃
i=1
NT [xi]
∣∣∣∣∣
)
− a|T |+ 1
¿b|S|+ (h1 − hk)|NT [x1]|+
k−1∑
i=2
hi + (hk − a)|T | − hk
k−1∑
i=2
|NT [xi]|+ 1
¿b|S|+ (h1 − hk)(h1 + 1) +
k−1∑
i=2
hi + (hk − a)|T | − hk
k−1∑
i=2
(h1 + 1) + 1
= b|S|+ h21 +
k−1∑
i=1
hi + (hk − a)|T | − hk
k−1∑
i=1
(hi + 1) + 1:
Hence we obtain
06n(a− hk)− (a+ b− hk)|S|+ hk
k−1∑
i=1
hi −
k−1∑
i=1
hi + hk(k − 1)− h21 − 1: (4)
Using (3) and (4), h16h26 · · ·6hk6a−1, and n¿(a+b)(k(a+b)−2)=b, we obtain
06 n(a− hk)− (a+ b− hk)
(
an
a+ b
−
k∑
i=1
hi
)
+ hk
k−1∑
i=1
hi
−
k−1∑
i=1
hi + hk(k − 1)− h21 − 1
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= − bn
a+ b
hk + (a+ b)
k∑
i=1
hi − hk
k∑
i=1
hi + hk
k−1∑
i=1
hi
−
k−1∑
i=1
hi + hk(k − 1)− h21 − 1
= − bn
a+ b
hk + [(a+ b− 1)h1 − h21] + (a+ b− 1)
k−1∑
i=2
hi
+ hk(a+ b+ k − 1)− h2k − 1
6− bn
a+ b
hk + [(a+ b− 1)hk − h2k ] + (a+ b− 1)
k−1∑
i=2
hk
+ hk(a+ b+ k − 1)− h2k − 1
= − bn
a+ b
hk + k(a+ b)hk − 2h2k − 1
6 2hk − 2h2k − 1
6−1:
This is a 9nal contradiction. Consequently, Theorem 3 is proved.
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